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The control problem of dissipative distributed parameter systems described by semilinear parabolic partial differential
equations with unknown parameters and its application to transport-reaction chemical processes is considered. The infinite
dimensional modal representation of such systems can be partitioned into finite dimensional slow and infinite dimensional
fast and stable subsystems. A combination of a model order reduction approach and a Lyapunov-based adaptive control
technique is used to address the control issues in the presence of unknown parameters of the system. Galerkin’s method is
used to reduce the infinite dimensional description of the system; we apply adaptive proper orthogonal decomposition
(APOD) to initiate and recursively revise the set of empirical basis functions needed in Galerkin’s method to construct
switching reduced order models. The effectiveness of the proposed APOD-based adaptive control approach is successfully
illustrated on temperature regulation in a catalytic chemical reactor in the presence of unknown transport and reaction
parameters. VC 2015 American Institute of Chemical Engineers AIChE J, 61: 2497–2507, 2015
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Introduction

Dissipative distributed parameter systems (DPS) naturally
appear in chemical process industries due to reactions and
transport phenomena mechanisms (diffusion, convection, and
dispersion) which are the source of nonlinear behavior and
spatial variations, respectively. Such chemical processes,
exemplified by tubular reactors, packed-bed reactors, and
chemical vapor deposition systems, can be mathematically
modeled by a set of semilinear parabolic partial differential
equations (PDEs) when diffusive mechanisms dominate over
convection and dispersion.1

In aforesaid processes where an interplay between reaction
and momentum, energy and mass transport phenomena
exists, physical parameters, such as Reynolds, Rayleigh,
Prandtl, Peclet numbers, and reaction parameters of the sys-
tem are often unknown and must be identified. This fact
shows the importance of using system identification and
adaptive strategies in monitoring and control of such proc-
esses.2,3 While adaptive control of finite-dimensional systems
is an advanced field that has produced adaptive control
methods for a very general class of linear time-invariant sys-
tems,4–6 system identification and adaptive control techni-
ques have been developed for only a few classes of PDEs
restricted by relative degree, stability, and domain wide
actuation assumptions.7–14 There are two sources of difficulty

in dealing with PDEs with parametric uncertainties. The first
difficulty, which also exists in ordinary differential equations
(ODEs), is that even for linear plants, adaptive schemes are
nonlinear. The second issue, unique to PDEs, is the absence
of parameterized families of controllers. In this manuscript,
our objective is to circumvent the difficulties of adaptive
control synthesis for semilinear parabolic PDE systems via
model order reduction (MOR).

The spatiotemporal dynamics of semilinear parabolic
PDEs can be approximated by reduced finite dimensional
models because the eigenspectrum of spatial differential
operators of such systems can be decomposed into a finite
dimensional slow and probably unstable, and infinite dimen-
sional fast and stable subsets.1 The traditional approach that
takes advantage of the aforesaid partitioning property to
address the control problem of semilinear parabolic PDEs is
via MOR.15–19 MOR applies spatial discretization techniques
like Galerkin’s method to convert the continuous operator
problem (in the form of PDE) to a discrete problem (proper
number of ODEs). The resulting set of ODEs is called a
reduced order model (ROM), which captures the dominant
dynamics of the original PDE system and may be used as
the basis to synthesize the controller. The bottleneck in this
procedure is the computation of the minimum number of
proper basis functions which are needed in Galerkin’s
method to construct the ROM. In simple linear cases, the
basis functions can be analytically computed from the eigen-
problem of spatial differential operators of parabolic PDEs.
However, the applicability of such analytical methods is lim-
ited because most of the systems in the chemical process
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industries include complex spatial dynamics and have irregu-
lar process domains. Therefore, even for linear distributed
parameter systems in their general form, analytical
approaches may be inapplicable to construct the ROM.

To bypass this limitation, statistical principle component
techniques like proper orthogonal decomposition (POD) are
used to compute the required basis functions empiri-
cally.20–24 However, POD requires the priori availability of a
sufficiently large ensemble of PDE solution data in which
the most prevalent spatial modes are excited. Recently, to
circumvent this requirement an efficient recursive computa-
tion algorithm was developed. It is known as adaptive proper
orthogonal decomposition (APOD), and is used as additional
data from the process becomes available. APOD is based on
algebraic manipulations leading to a threefold increase in
computational speed compared to similar real time
optimization-based techniques.23 A modification to APOD
based on information theory concepts was introduced to reg-
ulate the distributed parameter systems with fast transients.21

The continuous measurement sensors requirements were then
reduced using APOD-based dynamic observers.25,26 Further-
more, a set of criteria was identified to minimize the fre-
quency of collecting snapshots considering closed-loop
stability.27 An APOD-based geometric observer/controller
pair was also synthesized to track the desired output of non-
linear dissipative distributed parameter systems.28,29

Even though adaptation laws have been previously used
to revise POD techniques online in the literature,21,23,30–35

to the best knowledge of the authors, the combination of
data-driven model reduction and adaptive controller synthe-
sis have not been previously applied to address the control
problem of DPS with unknown parameters. The numerous
control structures that are based on APOD and other POD-
like methods that can be found in the literature, cannot be
used directly to address such problems because the control-
lers cannot be constructed in the presence of unknown
parameters in the system. Thus, we applied a combination
of adaptive control strategy and APOD to address the tech-
nical issues related to control based on model reduction
in the presence of unknown parameters while the
system parameters have a significant effect on the MOR
approaches.

In this article, an adaptive output feedback controller is
synthesized to regulate the dissipative distributed parameter
systems, described by semilinear parabolic PDEs, in the
presence of unknown parameters. APOD is applied to con-
struct and recursively update the ROM which is the basis for
the synthesis of control structure. The preliminaries section
introduces the studied semilinear parabolic PDE and its infi-
nite dimensional representation in an appropriate Sobolev
subspace. A short review on APOD algorithm and Galerkin’s
method is also included for completeness. An application to
thermal dynamics regulation in a catalytic chemical reactor
via APOD-based adaptive control design is finally presented.
It includes a detailed controller synthesis discussion and an
illustration of the effectiveness of the proposed MOR and
control strategies.

Preliminaries

A class of semilinear parabolic PDE system

We consider processes modeled by semilinear parabolic
PDE systems in the following state space form

@

@t
�xðz; tÞ ¼ A

@2

@z2
�xðz; tÞ1fð�xðz; tÞ; hðtÞÞ1bðzÞuðtÞ (1)

subject to boundary and initial conditions

q �x;
@�x

@z

� �
¼ 0 on @X; �xðz; 0Þ ¼ �x0ðzÞ (2)

In the PDE system of (1) and (2), z 2 X � R3 denotes the
spatial coordinate, t is the time, X is the process domain with
boundary @X. �xðz; tÞ 2 R stands for the state variable and uðtÞ
2 Rl is the manipulated inputs vector. A is a positive constant
and fð�Þ is a sufficiently smooth nonlinear vector function.
hðtÞ is the vector of unknown parameters and bTðzÞ 2 Rl is
a smooth matrix function which describes the control action
distribution in the spatial domain, for example, point actua-
tion is described by a standard Dirac delta. qð�Þ is a nonlin-
ear vector function and �x0ðzÞ is a smooth vector function.

The availability of two types of measurement sensors
is assumed; periodic distributed snapshot measurements, yrðz;
tkÞ 2 R that indicates measured spatial profiles, and continuous
measurements, ym 2 Rr that is a vector variable

ymðtÞ ¼
ð

X
sðzÞ�xðz; tÞ dz

yrðz; tkÞ ¼
ðt

0

dðs2tkÞ�xðz; sÞ ds

(3)

where r is the number of continuous sensors, tk is the time
instance for snapshot measurement, and k ¼ 1; 2; . . .. The
function s(z) denotes the continuous point sensors distribu-
tion in the process domain, X, and dð�Þ indicate standard
Dirac delta function.

Remark 1. The results of this manuscript are presented for
�x 2 R, however, we may directly extend the results for �xðz; tÞ
¼ ½�x1ðz; tÞ � � � �xnðz; tÞ�T 2 Rn by treating each state individu-
ally. The interactions between distributed system states is then
captured through the spatial integration of the respective basis
functions with fð�x; hÞ to give appropriate nonlinear functions.24

System representation in Sobolev subspace

The semilinear parabolic PDE system of (1)–(3) can be
presented as an infinite-dimensional system in a relevant
Sobolev subspace of W1;2ðX;RÞ, that satisfies the homoge-
neous boundary conditions of (2), that is

W1;2ðX;RÞ ¼ F 2W1;2ðX;RÞ : q F;
@F

@z

� �
¼ 0 on @X

� �

where 8i; j 2 N; i � 1 and 1 � j <1, Sobolev space of

Wi;jðX;RÞ ¼ f�x 2 LjðXÞ : @a�x 2 LjðXÞ; 8a 2 N; jaj � ig

is a functional space that includes all of the a-order differen-
tiable functions with respect to all of spatial coordinates of
the process domain. We can also define the inner product
and norm since W1;2 belongs to the space of square integra-
ble functions, L2ðXÞ, in the following form

ð#1; #2Þ ¼
ð

X
rðzÞ#T

1 ðzÞ#2ðzÞdz; k#1k2 ¼ ð#1; #1Þ1=2

where #T denotes the transpose of # and r(z) is the weight
function that is assumed to be 1 in this work. To simplify
the notation, we will use W to denote W1;2ðX;RÞ for the
remainder of the article.
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On the basis of the above, we define within W the state

xðtÞ ¼ �xð�; tÞ; x 2W1;2 (4)

the linear and nonlinear differential operators

AxðtÞ ¼ A
@2

@z2
�xð�; tÞ; F ðxðtÞ; hðtÞÞ ¼ fð�xð�; tÞ; hðtÞÞ (5)

the manipulated input operator

BuðtÞ ¼ bðzÞuðtÞ (6)

and measured outputs’ operators

SxðtÞ ¼ ðsTðzÞ; �xð�; tÞÞ; R xðtÞ ¼
ðt

0

dðs2tkÞ�xð�; sÞ ds (7)

Then, the PDE system of (1)–(3) can be presented in the
Sobolev subspace as follows

_xðtÞ ¼ AxðtÞ1F ðxðtÞ; hðtÞÞ1BuðtÞ; xð0Þ ¼ x0

ymðtÞ ¼ SxðtÞ

yrðtkÞ ¼ R xðtkÞ

(8)

where k ¼ 1; 2; . . ., for Eqs. 7 and 8. The set of analytical
basis functions of the system, needed to build the ROM, can
in principle be obtained from the solution of the eigenvalue
problem for the linear spatial operator of the system as follows

A/i ¼ ki/i; i ¼ 1; . . . ;1 (9)

subject to the boundary conditions

q /i;
d/i

dz

� �
¼ 0 on @X (10)

where ki and /i denote the ith eigenvalue and the corre-
sponding basis function, respectively.

ASSUMPTION 1. We assume that the ordered eigenspectrum of
A; rA ¼ fk1; k2; . . .g, can be partitioned into a finite set of rs

slow eigenvalues, rðsÞA ¼ fk1; k2; . . . ; krs
g, and a countable

complement set of the remaining fast eigenvalues

rðf ÞA ¼ fkrs11; krs12; . . .g. The associated basis functions sets

are defined as Us ¼ ½/1 /2 � � � /rs
�T ; Uf ¼ ½/rs11 /rs12 � � ��T.

There is a large separation between the slow and fast eigenval-
ues of A, that is, jReðk1Þj=jReðkrs

Þj ¼ Oð1Þ and jReðk1Þj=jReð
krs11Þj ¼ OðeÞ where Reðkrs11Þ < 0; e ¼ jk1j=jkrs11j is a

small number. We also assume that W¢spanf/ig1i¼1, that is,
operator A is a strong generator of the Sobolev subspace of W.

Note that ReðeÞ denotes the real part and OðeÞ the order of
magnitude of e. From Assumption 1, we obtain that the
Sobolev subspace defined for the infinite dimensional repre-
sentation of the system, W¢spanf/ig1i¼1, can be partitioned
into two other Sobolev subspaces; a slow and a fast one.
The slow subspace contains a finite number of basis func-
tions that correspond to slow and possibly unstable modes of
x, Ws¢spanf/igrs

i¼1. The fast complement subspace contains
an infinite number of basis functions that correspond to fast
and stable modes of x, Wf ¢spanf/ig1i¼rs11. Note that there
is a time scale separation between the dynamics of the two
subsystems; the state of the infinite dimensional system of
(8) can be partitioned into a finite dimensional subspace of
slow and possibly unstable modes and an infinite dimen-
sional subsystem of stable and fast modes

x ¼ xs1xf (11)

where xs ¼ Px 2Ws; xf ¼ Q x 2Wf ; and W ¼Ws�Wf .
The orthogonal integral projection operators are defined as P :
W!Ws; P ¼ ð�;UsÞ and Q : W!Wf ; Q ¼ ð�;Uf Þ.

Then, using the method of weighted residuals based on
the set of basis functions, the system of (8) can be presented
as an ODE set of vectorized modes in the following form

_xs ¼ Asxs1fsðxs; xf ; hÞ1Bsu; xsð0Þ ¼ Px0

_xf ¼ Af xf 1ff ðxs; xf ; hÞ1Bf u; xf ð0Þ ¼ Q x0

(12)

where As ¼ PA ¼ diagfkigrs

i¼1; Af ¼ QA ¼ diagfkig1i¼rs11; fs

¼ PF ; ff ¼ Q F ; Bs ¼ PB; Bf ¼ QB; Pxð0Þ ¼ Px0; Q xð0Þ
¼ Q x0.

The fast dynamics of (12) can be represented in the fol-
lowing singular perturbation form

e _xf ¼ eAf xf 1eðff ðxs; xf ; hÞ1Bf uÞ (13)

where due to Assumption 1, e ¼ jk1j=jkrs11j is a small num-
ber that indicates the time scale separation between the slow
and fast dynamics.1

ASSUMPTION 2. The control action is assumed to be
bounded and the nonlinear dynamics of the fast and stable
subsystem satisfies the Lipschitz condition.1

By assuming bounded control action and Lipschitz condition
for ff ðxs; xf ; hÞ, we obtain that ff ðxs; xf ; hÞ1Bf u does not
include a term of Oð1eÞ. Considering that Af has negative eigen-
values of O(1) and by setting e 5 0, the fast dynamics can be
presented as the following locally exponentially stable form

@xf

@s
¼ Af exf (14)

where s ¼ t
e and Af e ¼ eAf . Note that Af e is of order O(1) in

the fast time scale. After a period of time, xf converges to a
ball of radius OðeÞ around zero. Thus, the fast dynamics of xf

can be ignored compared to the slow dynamics of xs. Accord-
ingly, the process dynamics can be approximated as follows

_xs ¼ Asxs1fsðxs; 0; hÞ1Bsu; xsð0Þ ¼ Px0 (15)

ASSUMPTION 3. The PDE system of (1)–(3) and as a result,
the slow and fast subsystems of (12) are assumed to be
approximately observable and controllable.36

On the basis of the above expositions, we need to solve
the eigenvalue problem of (9) and find the set of basis func-
tions to reduce the infinite dimensional system. However,
generally it is not possible to solve it when we have complex
boundary conditions. The interesting fact is that we cannot
find the analytical solution even for a general class of linear
systems over miscellaneous domains. Conversely, even if we
can compute them analytically, we are not able to directly
identify how many of them are enough to capture the domi-
nant dynamic behavior of the system. Note that using large
number of basis functions increases the dimensionality of
ROM and the controller computational demand. Thus, most
of the standard analytical MOR techniques cannot be directly
used even for distributed parameter systems described by
general linear PDEs. One solution to circumvent this issue is
to apply APOD as explained briefly in the next section.
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Remark 2. Assumption 1 is always satisfied when the sys-
tem is linear. It is also automatically satisfied for semilinear
systems when we have bounded Lipschitz nonlinearity. The
reader may refer to Ref. 37 for semilinear PDE definition.

Remark 3. The proposed method is not only applicable to
parabolic systems but also to higher order semilinear systems
that satisfy Assumption 1, such as physicochemical systems
described by Kuramoto–Sivashinsky equation19,38,39 and
Korteweg de Vries–Burgers equation.40

Adaptive Model Order Reduction

Adaptive proper orthogonal decomposition

The flow chart of APOD including its algebraic steps is
presented in Figure 1. For brevity, we only summarize the
main steps in the flow chart in this article. A detailed
description of the offline and online steps of the algorithm
and a relevant analysis can be found in Refs. 21,23.

1. Offline steps of APOD
� Assemble the available snapshots of the system in

an ensemble.
� Compute the covariance matrix of the ensemble.
� Obtain an initial set of empirical basis functions

using POD.23

2. Online steps of APOD

� Analyze the contribution of snapshots in dominant
eigenspace and condense the ensemble of snapshots by
one.21

� Collect a new snapshot from the distributed mea-
surement sensors and update the ensemble of snapshots.21

� Update the covariance matrix.
� Compute the projection of eigenspace on slow and

fast parts.
� Increase, decrease, or retain the dimensionality of

the approximated dominant eigenspace.23 If retaining,
compute the projection error.
� If needed, revise the eigenspace and update the

empirical basis functions.

Finite dimensional approximation using Galerkin’s
method

The finite-dimensional approximation of the infinite-
dimensional representation of (1)–(3) can be computed using
the method of weighted residuals when the set of empirical
basis functions are available. Generally, the original state of
the PDE system, �xðz; tÞ, can be described as an infinite
weighted summation of a complete vectorized set of basis
functions WðzÞ as follows

�xðz; tÞ �
Xrm

k¼1

wkðzÞakðtÞ����!rm!1 �xðz; tÞ ¼
X1
k¼1

wkðzÞakðtÞ (16)

where akðtÞ for k ¼ 1; . . . ; rm are time varying coefficients
known as system modes. The following rmth order system of
ODEs is obtained by substituting (16) in (1)–(3), multiplying
the PDE with the weighting functions, uðzÞ, and integrating
over the entire spatial domain

Xrm

k¼1

ðuvðzÞ;wkðzÞÞ _akðtÞ ¼
Xrm

k¼1

ðuvðzÞ;AwkðzÞÞakðtÞ

1ðuvðzÞ; F ðz;
Xrm

k¼1

wkðzÞakðtÞ; hÞÞ1ðuvðzÞ; bðzÞÞu;

v ¼ 1; . . . ; rm

ym ¼
Xrm

k¼1

ðsðzÞ;wkðzÞÞakðtÞ

(17)

The type of weighted residual method can be determined
by the weighting functions in the above equation. The
method reduces to Galerkin projection when the weighting
functions, uðzÞ, and the basis functions, WðzÞ, are the same.
Then, (17) can be summarized as

_a ¼ Aa1f ða; hÞ1Bu

ym ¼ Sa
(18)

where Arm3rm ; Brm3l; and Sw3rm are constant matrices and f is
a nonlinear smooth vector function of the modes that can be
described based on the comparison between (17) and (18).
From Lipschitz condition of f, we obtain that f satisfies a
local Lipschitz condition. Note that this assumption can be
concluded from the local Lipschitz property of the nonlinear
part of the original system of (8) in the Sobolev subspace
for special cases.

Remark 4. The main reason for applying APOD to recur-
sively revise the set of empirical basis functions is the appear-
ance of new trends in the process dynamics during process

Figure 1. Flow chart of APOD.21

Blue denotes the algorithm I/O, green decision steps, and

orange computations. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]

2500 DOI 10.1002/aic Published on behalf of the AIChE August 2015 Vol. 61, No. 8 AIChE Journal

http://wileyonlinelibrary.com


evolution. Such new trends make the empirical basis functions
and ROM inaccurate. In that case, APOD algorithm revises
the basis functions and modifies the ROM. Then following
the ROM revisions, the output feedback control structure is
redesigned to retain relevancy. Such “corrections” will always
be repeated at revision times to construct an accurate basis for
controller design and enforce closed-loop stability.21,41

Remark 5. As the empirical basis functions of the system
are periodically revised, the ROM of (18) we obtain is a
switching system, that is, the structure and dimensionality of
the system approximation changes as process evolves. Fur-
thermore, the designed adaptation and controller laws will
also be revised as well at each switching.21,27

Application to Thermal Regulation in a Catalytic
Chemical Reactor

In this section, the adaptive model order reduction
(AMOR) and control design is applied to a 1 D diffusion-
reaction process. First, we describe the model of thermal
dynamics in a catalytic chemical reactor. Then, we apply
APOD and Galerkin’s method to construct the ROM that is
the basis for controller synthesis. Finally, we design an
adaptive controller to regulate the temperature dynamics of
the catalytic reactor and present the results.

Note that the main contribution of this article is toward
the AMOR component which facilitates the implementation
of adaptive control approaches to distributed systems with
unknown parameters. Adaptive control is a well-known con-
trol approach as we discussed in “Introduction” section. We
are using a Lyapunov-based adaptive method to design the
controller. For brevity reasons, we do not present the basics
and theory of adaptive control approach which can be found
in Refs. 2,4–6.

Reactor description

Consider an elementary exothermic reaction A! B taking
place on a long, thin rod in a catalytic chemical reactor that
is presented in Figure 2. As the reaction is exothermic, a
coolant is used to remove heat from the reactor. To model
temperature dynamics inside the catalytic rod, we assume
constant density, heat capacity, and constant conductivity of
the rod, and constant temperature at both ends of the rod.
We also assume that the reactant A is present in excess and
thus can assume constant reactant concentration. The mathe-
matical model that describes the spatiotemporal thermal
dynamics inside the catalytic rod is presented by the follow-
ing semilinear parabolic PDE

@�x

@t
¼ D

@2�x

@z2
1bTðe2e=ð11�xÞ2e2eÞ1bUðbðzÞuðtÞ2�xÞ (19)

subject to boundary and initial conditions

�xð0; tÞ ¼ 0; �xðp; tÞ ¼ 0; �xðz; 0Þ ¼ �x0ðzÞ (20)

where �x denotes the dimensionless temperature of the cata-
lytic rod that is defined over the spatial domain of ½0;p� and
z 2 ½0;p� is the spatial coordinate, D is the dimensionless
diffusion coefficient and bT denotes the dimensionless heat
of reaction; c stands for the dimensionless activation energy,
and the parameter bU denotes the dimensionless heat-transfer
coefficient. The vector of control variables is denoted by u(t)
and b(z) describes the spatial distribution of the actuator, for
example, point actuation could be defined using standard
Dirac delta. Figure 3 presents the open-loop spatiotemporal
profile of the system state and temporal profile of its 2-norm
when the nominal values of the system unknown parameters
are D 5 1, bT ¼ 16, and c 5 2 and the dimensionless heat-
transfer coefficient of the system is bU ¼ 2. The initial
dimensionless temperature of the catalytic rod is considered
as a periodic profile with the average value of �x0;avg ¼ 0:5.
The hot spot can be observed easily at the middle point of
the catalytic rod. The control problem thus becomes regulat-
ing the catalyst temperature at a uniform temperature of
�x ¼ 0.

To address the control problem, we consider the lineariza-
tion of the PDE system of (19) around the spatially uniform
unstable steady state of �xðz; tÞ ¼ 0. It has the following form

@�x

@t
¼ D

@2�x

@z2
1ðbTe2cc2bUÞx1bUbðzÞuðtÞ (21)

Figure 2. Catalytic chemical reactor.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 3. Open-loop (a) spatiotemporal profile of the sys-
tem state and (b) temporal profile of its 2-norm.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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We assume that we do not know the reaction and diffu-
sion parameters inside the reactor, that is, the parameters bT ,
c, and D that indicate heat of reaction, activation energy,
and diffusion coefficient, respectively, are unknown. The
only parameter of the system that is known is the dimension-
less heat-transfer coefficient, bU ¼ 2. The linearized PDE
system of (21) can be represent in the form of reaction and
diffusion uncertainty as follows

@�x

@t
¼ h1

@2�x

@z2
1h2x1bUbðzÞuðtÞ (22)

where ½h1 h2�T ¼ ½D bTe2cc2bU�T .
Four continuous point measurement sensors are assumed

to be placed uniformly across the domain of the process,

Ls ¼ ½p=5; 2p=5; 3p=5; 4p=5�, where ymðLsÞ ¼ WTðLsÞa and

W ¼ ½w1 w2 � � � wrm
�T , and we consider the availability of

only one point actuator at La ¼ 3p=4, where the correspond-
ing spatial distribution functions at the location for point
measurements and actuation is considered as the Dirac delta
function, dðz2LÞ. The profiles of the rod temperature is also
assumed to be accessible every dt ¼ 1s. The control objec-
tive is the regulation of the temperature dynamics in the
presence of unknown reaction and diffusion parameters at
the unstable steady state of �xðz; tÞ ¼ 0 based on AMOR.

Remark 6. Considering the local linearization as the basis
to design the adaptive control structure for governing nonlin-
ear systems is a promising approach that has been widely
applied in the literature.4–6 We consider this approach to sim-
plify the adaptation law and adaptive controller derivations.

Remark 7. Note that the linearization error between
model and nonlinear process is also circumvented using a
linear model-based controller design whose parameters adap-
tively change during process evolution.

AMOR via APOD and Galerkin’s method

Even for the specific process we cannot compute the dom-
inant basis functions analytically due to the unknown diffu-
sivity coefficient. We used 20 snapshots and the offline
step of APOD to find an initial set of empirical basis func-

tions. These snapshots are generated during the time period
of t 2 ½0; 2� for open-loop process, u(t) 5 0. Using offline
APOD to compute the basis of the initial ensemble of snap-
shots, we obtain two empirical basis function for �x which
captures 0.999 of the total energy of the ensemble. The ini-
tial dominant empirical basis function is presented in Figure
4. The first dominant basis function identifies the dominant
dynamics of the open-loop system and the second one is an
artifact of the specific initial single trajectory in the absence
of control action.

The online APOD adaptively revises the empirical basis
functions every dt ¼ 1s to keep them accurate. Note that the
snapshots needed in Galerkin’s method to construct the lin-
ear ROMs are obtained from the original nonlinear process.
If we consider fwig

rm

i¼1 is the set of empirical basis functions
between the revisions, we can approximate the state of the
PDE system of (22) as �xðz; tÞ �

Prm

i¼1 aiðtÞwiðzÞ. By substi-
tuting this approximation in the PDE of (22), we obtain

Xrm

i¼1

_aiwi ¼ h1

Xrm

i¼1

ai
d2wi

dz2
1h2

Xrm

i¼1

aiwi1bUbðzÞu (23)

Then, the ROM can be constructed using Galerkin’s
method as follows

_aj ¼ h1

Xrm

i¼1

ai

ðp

0

d2wi

dz2
wjdz1h2aj1bU

ðp

0

bðzÞwjdz

� �
u;

j ¼ 1; . . . ; rm

(24)

The above equation can be summarized as the following
vectorized form

_a ¼ ðh1A1h2IÞa1Bu (25)

where ½A�j;i ¼ ðwjðzÞ;
d2wiðzÞ

dz2 Þ; ½Bu�j ¼ ðwjðzÞ; bðzÞÞu. The ODE
system of (25) is the basis to synthesize the controller. Note
that the resulting system approximation of (25) is a switch-
ing system due to the form and dimensionality changes dur-
ing process evolution. Thus, the stability of the switching
system under the control actions must be proven via Lyapu-
nov and hybrid system stability arguments.42,43

Derivation of APOD-based adaptive control structure

In this section, we utilize the ROM of (25) in designing
adaptive output feedback controllers for the semilinear para-
bolic PDE system of (19). The controller is synthesized
based on continuous point measurements available from
restricted number of sensors (four sensors). We use a static
observer of the following form

~a ¼ ðWðLsÞWTðLsÞÞ21WðLsÞymðLsÞ (26)

to estimate the state of the ODE system of (25) due to the
unavailability of full state measurements assuming that the
number of point measurement sensors is equal to or greater
than rm.

We consider the following control Lyapunov function (CLF)

Vc ¼
f
2

aTa (27)

where f > 0 is a adjusting parameter which modifies the
CLF at the revisions. By substituting (25) in the time deriva-
tive of the CLF, we obtain

Figure 4. The initial dominant empirical basis function
(obtained from offline APOD part).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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_V c ¼ faT _a ¼ faTððh1A1h2IÞa1BuÞ (28)

Then, by considering

_Vc ¼ 2qaTa < 0 (29)

the control structure is derived as a function of unknown
system parameters as follows

u ¼ 2B21 q
f

a1ðh1A1h2IÞa
� �

(30)

where q is a positive number that indicates the regulation rate.
We define the closed-loop Lyapunov function as a combi-

nation of the CLF and the identification Lyapunov function

V ¼ f
2

aTa1
1

2
~h1

21
1

2
~h2

2 (31)

where ~h1 ¼ ĥ12h1; ~h2 ¼ ĥ22h2, and ĥ1; ĥ2 are the estima-
tions of the unknown parameters of h1 and h2, respectively.

By substituting (25) in the time derivative of the closed-
loop Lyapunov function and assuming that h1 and h2 do not
vary continuously, we conclude

_V ¼ faT _a1~h1
_̂h11~h2

_̂h2

¼ faTððh1A1h2IÞa1BuÞ1~h1
_̂h11~h2

_̂h2 (32)

The controller formula in the presence of unknown param-
eters is obtained by the applying certainty equivalence prin-
ciple4 to the control structure of (30)

u ¼ 2B21 q
f

a1ðĥ1A1ĥ2IÞa
� �

(33)

Then, by considering (32) and (33) we can obtain the
adaptation laws

_̂h1 ¼ aTAa

_̂h 2 ¼ aTa
(34)

where

_V ¼ 2qaTa < 0 (35)

thus the closed-loop system is locally asymptotically stable
in the Lyapunov sense.

The control and adaptation laws of (33) and (34) are rede-
signed when the ROM is revised by APOD. Stability theo-
rems of hybrid systems are then required to prove that the
resulting switching controlled system remains stable at revi-
sions. For switching system stability analysis, the multiple
CLFs in the form of (27) must be considered. The negative
time derivative of the multiple CLFs, described in (35),
guarantees stability of the switching system (Theorem 3.2 in
Ref. 43) when the following condition is also satisfied42,43

Figure 5. Process operation block diagram under pro-
posed control structure.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Closed-loop (a) spatiotemporal profile of the
system state and (b) temporal profile of its 2-
norm.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Number of empirical basis functions.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Vcð~aðtkÞÞ < Vcð~aðtk21ÞÞ (36)

where k> 1 and Vcð~aðtkÞÞ corresponds to the value of CLF
at the beginning of time interval ½tk; tk11�. The CLF may pos-
sibly increase during dimensionality changes of the ROM,
furthermore, the value of f must be chosen appropriately in
the closed-loop process. The following equation is applied to
update the value of f as needed

f ¼ g
~aTðtk21Þ ~aðtk21Þ

~aTðtkÞ ~aðtkÞ
(37)

where g < 1. Alternatively, we initialize f at value f0 ¼ 1,
and re-evaluate it using (37) only when the criteria of (35) is
violated.

Figure 5 shows the block diagram of closed-loop process
under the proposed control structure. The control perform-
ance of the system of (1)–(3) directly depends on the accu-
racy of its ROM. Using APOD methodology, the ROM will
be adaptively revised at certain time instants to remain accu-
rate. Then, the ROM structure and dimensionality change
during process evolution. As a result, when the ROM
switches the controller will be redesigned as well.

Remark 8. The static observer requirements of available
number of continuous point measurement sensors being
supernumerary to the dimension of the ROM can be circum-
vented using dynamic observer synthesis which conceptually
requires only one measurement output.25,28,44

Remark 9. To design the controller in the form of (33)
we assume that the number of control actuators is equal to
rm and the inverse of B exists. To satisfy such conditions,
the number of actuators may be decreased or increased dur-
ing the process evolution if the dimensionality of the ROM
changes. We may avoid activating and deactivating actuators
during such changes by using more than rm actuators and
employing the right pseudoinverse of B, B? ¼ BTðBBTÞ21

in
(33), instead of B21.

Remark 10. The adaptive control of nonlinear distributed
parameter systems in the presence of time-varying unknown
parameters using dynamic observer designs is the current

Figure 8. Temporal profile of the (a) first, (b) second,
and (c) third empirical basis functions.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 9. Temporal profile of (a) the estimated domi-
nant mode of the system and (b) the required
control action.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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subject of authors’ research and will be presented in future
publications.

Closed-loop analysis

We present the closed-loop simulation results for the cata-
lytic chemical reactor in the presence of unknown diffusion
and reaction parameters. We studied two cases with the
same controller structure and parameters; (1) constant
diffusion-reaction parameters and (2) time-varying the
diffusion-reaction parameters as process evolves. In both
cases, we use q 5 2 to adjust the rate of asymptotic decrease
in the Lyapunov function.

Constant Diffusion-Reaction Parameters. In this section,
the closed-loop simulation results are presented for thermal

dynamic regulation of the catalytic reactor when the unknown
diffusion-reaction parameters are constant and do not change
during the process evolution. Figure 6 illustrates the closed-
loop process profile and its 2-norm. We can easily observe
that the adaptive controller successfully regulates the system
of (19) and (20) at the unstable steady state of �xðz; tÞ ¼ 0.

Figure 7 shows the change in the number of empirical basis
functions required to capture the dominant dynamics of the
system during the process evolution. The number of initial
empirical basis functions was two and it increased to three as
the process evolved. Figure 8 shows the temporal profiles of
the first, second, and third empirical basis functions. The dom-
inant empirical basis functions were updated to accurately
capture the process behavior when new trends appeared. The
temporal profiles of the estimated dominant mode of the sys-
tem and the required control action are presented in Figure 9.
The system dominant mode and the control action converged
to the steady-state value of zero without chattering and any
sharp changes. The effects of changes in the unknown param-
eters of the system can be observed in the temporal profiles
of the 2-norm, dominant estimated mode, and control action
at t ¼ 5s. When the actuator is activated, the process behavior
significantly changes and the effect of the actuator on the
DPS is now captured by the second basis function which has
a maximum at z ¼ 3p=4 where the actuator is located. We
see that APOD adapts to this change and a new basis is cap-
tured where the closed-loop dynamics.

Figure 10. Temporal profile of the CLF.

The black circles show the CLF values at the ROM

revisions. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 11. Temporal profile of (a) ĥ1 and (b) ĥ2.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 12. Open-loop (a) spatiotemporal profile of the
system state and (b) temporal profile of its
2-norm in the presence of unknown param-
eters changes.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Figure 10 presents the temporal profile of the CLF for
f ¼ f0 ¼ 1. The black circles indicate the CLF values at the
revisions. We observe that the CLF values at the revisions
decreased as time evolves which guarantees the switching sys-
tem stability. In such case, we did not need to re-evaluate f
because the criteria of (35) was always valid during process
evolution. Figure 11 presents the dynamics of the estimated
unknown parameters from the adaptation law. We observe that
the estimated parameters converged the steady-state values of
ĥ1 ¼ 2:8 and ĥ2 ¼ 3 when the nominal values of the system
unknown parameters are h1 ¼ 1 and h2 ¼ 2:33. We may
observe that the adaptation law cannot estimate the unknown
parameters due to the lack of persistent excitation needed for
complete system identification. Note that the system identifica-
tion is not the objective of the proposed control method.

Time-Varying Diffusion-Reaction Parameters. In this
section, we present the simulation results in the presence of
unknown diffusion and reaction parameters that change from
D 5 1, bT ¼ 16 and c 5 2 to D 5 3, bT ¼ 30, and c 5 3 at
t ¼ 4s. Figure 12 shows the open-loop process spatiotempo-
ral profile and the temporal profile of its 2-norm, when the
controller was inactive. We observe a significant change in
the system dynamics due to the parametric change.

The closed-loop system profile and its 2-norm under the
impact of the proposed control structure is presented in
Figure 13, where the adaptive controller stabilized the process
at the unstable steady state of �xðz; tÞ ¼ 0. Finally, we illustrate
the temporal profiles of the estimated dominant mode and the

control action in Figure 14. The convergence of the dominant
mode and control action to zero without any chartering indi-
cates the effectiveness of the proposed adaptive control
method.

The effects of the changes in the unknown parameters of
the system can be observed in the temporal profiles of the
closed-loop 2-norm, dominant estimated mode and control
action at t ¼ 4s. Due to the effective performance of the
two layer adaptation we do not observe significant varia-
tions in the closed-loop system when the process unknown
parameters change.

The success of the designed controller in regulating the
process is due to the dominant eigenspace (hence the ROM,
the adaptation, and the control laws) being updated as the
process traverses through different regions of the state space
during closed-loop operation. During the closed-loop process
operation, when new trends appeared the dominant empirical
basis functions were updated to accurately capture the pro-
cess behavior.

Conclusions

The control problem of dissipative distributed parameter
systems with unknown parameters which are modeled by
semilinear parabolic PDEs is investigated via MOR in this
manuscript. The unknown parametric changes have a

Figure 14. Temporal profile of (a) the estimated domi-
nant mode of the system and (b) the
required control action in the presence of
unknown parameters changes.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 13. Closed-loop (a) spatiotemporal profile of the
system state and (b) temporal profile of its
2-norm in the presence of unknown parame-
ters changes.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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significant effect on MOR approaches and the resulting
ROMs. We use the combination of APOD and Galerkin’s
method to construct the ROM that is the basis for adaptive
controller design. The proposed control strategy is illustrated
on thermal regulation in a catalytic chemical reactor in the
presence of constant and time-varying unknown parameters.
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